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I. Introduction. 

The work upon which this paper is based was done in the 
Biological Laboratory of Antioch College, during the academic 
year 1900-1901, under the direction of Prof. W. L. Tower. 

My primary object was to study the variations of several 
species of Aster by means of the statistical methods, to deter- 
mine whether the results of Ludwig ('95, '96, '98) upon Chrysan- 
themum leucanthenutm L. were also true for other nearly allied 
forms, and to find out, if possible, how much correlation there 

1 Contributions from the Biological Laboratory of Antioch College, No. 5. 
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is between the observed variation and the environment, or 
between parts of the same plant. Secondarily, it was hoped 
that this research might show something of the applicability 
of these methods to taxonomic or monographic work in a genus 
so difficult from the systematic standpoint as Aster. 

II. Material. 

This consisted of the blooming capitula of Aster sliortii 
Hook., A. novce-anglim L., A. puniceus L., and A.prenanthoidcs 
Muhl. 

The capitula were cut off without any conscious selection, 
folded in papers, labeled, and preserved in alcohol. With the 
exception of those plants where series of pickings were made, 
the stems from which the capitula had been gathered were 
preserved for future reference. 

All of the species of Aster studied are perennial, but they 
differ in the manner in which the annual stems are produced. In 
the following description of the material used in this study I 
shall use the term "individual" in its broader sense, including 
all stems which have been derived from a single seed. 

Aster sliortii Hook, has from one to three or four slender 
annual stems arising from a small perennial root. The material 
which forms the basis for the study of this species was obtained 
Sept. 26, 1900, and consisted of 226 capitula from three isolated 
individuals and from a group of ten stems growing near to each 
other. The stems of this group were probably mostly distinct 
individuals, though they may have been of close genetic rela- 
tionship. These plants grew in the thin limestone soil at the 
foot of the Niagara limestone cliffs bordering the northern end 
of Sheldon's Glen, one-half mile southeast of Yellow Springs, 
Ohio. 

Aster novee-anglice L. has a heavy mass of perennial roots, 
and from the base of the annual stems of one year's growth 
may arise a considerable number of heavy stems of the next 
year's growth, forming a clump. The 199 capitula used in the 
study of this species were collected Sept. 30, 1900, from five 
individuals growing in the flood plain of a tributary to the Glen 
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Stream, one-half mile east of Yellow Springs, and from four 
individuals similarly located in the valley of the Glen Stream 
about forty rods above the point at which it empties into the 
Little Miami River, one mile southeast of Yellow Springs, 
Ohio. 

The manner of production of annual stems in Aster puniccus L. 
resembles closely that of Aster novce-anglicc L. The material 
of Aster puniceiis L. used in this study was collected Sept. 25, 
1 goo. It consisted of 798 capitula from thirteen stems arising 
from three perennial roots growing at the margin of a bog five 
miles west of Yellow Springs, Ohio. These three individuals 
were identically located, being separated by a space of but a 
few yards. Environmental conditions had, therefore, no known 
influence in determining the differences in the heads from the 
three clumps. 

Aster prenanthoides Muhl. differs from all of the other species 
studied, in the manner in which its annual stems are produced. 
It sends out slender rootstocks, which give rise to new stems 
at a little distance from the old ones, thus forming patches 
with the stems growing singly. 

Eighty-three capitula of Aster prenanthoides Muhl. were col- 
lected Sept. 27, 1900, from seven stems, apparently belonging 
to two individuals. The remaining material of this species, 
making a total of 658 capitula, was all collected from a single 
small plot. Four successive collections were made on Sep- 
tember 27, September 30, October 4, and October 8, 1900. 
All the capitula which were blooming at the time of each col- 
lection were taken, amounting respectively to 117, 143, 139, 
and 176 heads, and comprising all the heads produced by the 
selected plot during the season. The object in collecting in 
this way was to test, at least within narrow limits, the con- 
stancy of the variability "constants " throughout the flowering 
season. 

The plants from which all the material of A. prenanthoides 
Muhl. was collected grew at the bottom of a small ravine near 
Clifton, Ohio, at the margin of a permanent stream, so that 
heat, light, soil, and moisture conditions were nearly constant 
throughout the growing period. 
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III. Methods and Precautions. 

In order that the personal equation should modify results as 
little as possible, all of the heads of each individual were col- 
lected, and none were discarded on the ground of abmodality. 
The only material rejected was such as was eaten by insects, 
or had been blighted to such extent as to make a correct count 
impossible. It is evident that by the discarding of healthy 
material because of its great departure from the usual condition, 
or, as Strong (1901, p. 295) says, the choice of "individuals 
which appear on inspection to be typical," the statistical 
method may be made to give any result for which the investi- 
gator may be looking. 

There is one element of error in the choice of material which 
must be mentioned. In those cases in which it seemed desir- 
able to get curves and " constants," representing the conditions 
in the capitula of single individuals, there was necessarily a 
choice of those individuals which had the largest number of 
blooming heads. In this respect, therefore, the determinations 
would represent the conditions in the more robust specimens 
rather than in the general population. To counteract this 
tendency, there was an occasional collection of material from 
a sufficiently large group of smaller individuals to give equally 
valid results. As these collections from a number of smaller 
individuals did not show a marked difference from those of 
single larger individuals, this selection has probably not greatly 
modified the results. 

In making counts the liability of error is not so great as in 
the taking of measurements. However, even in counting there 
are sources of error, which I found it necessary to eliminate as 
far as possible. To free my work as far as possible from these 
sources of error, the capitula were carefully dissected and the 
parts kept separate until the count was completed. When 
there was the least doubt as to the correctness of the result 
they were recounted. Also in cases of great abmodality the 
results were verified by a recount. 

In calculating the various constants I have used the formulae 
given by Davenport ('99). All the mathematical processes 
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were carried out to the tenth decimal place, and wherever 
practicable they were checked. It is probable, therefore, that 
all calculations are correct to the fifth decimal place. 

In plotting the variations I have used the " method of rec- 
tangles " as best representing the actual conditions found. 
In those cases in which material was insufficient compared 
with the range of variation, I have doubled the classes, but 
in no case have I grouped more than two classes together. 
In this way the essential features of the curves have remained 
unchanged, while the lesser irregularities have been eliminated. 

It must be remarked, however, in regard to the grouping of 
classes, that the method should be used with much caution. 
By combining a sufficient number of classes every multimodal 
curve may be made monomodal. 

It is also essential, in doubling, that a definite plan be 
adopted in order that the results may be comparable. The 
writer followed the plan of throwing together the two classes 
nearest the mean. As the mean is a constant, this makes the 
resulting double classes of the various curves strictly compar- 
able. If I had begun at the lower limit of range instead of at 
the mean, the count of one more variate might have lowered 
the range by one, and thus have changed the combinations, 
with the result that the character of the curve might be much 
modified. 

IV. Results. 

Aster shortii Hook. — Fig. 1 represents the frequency poly- 
gon of the bracts. The range, 28 to 49, was so great that the 
226 counts were insufficient, and it was deemed best to double 
the classes. In this way the curve becomes monomodal, with 
the mode on 36-37, and the mean on 36.800884. The coeffi- 
cient of variability was 10.727157. 

The frequency curve of the rays (Fig. 2) shows a remarkably 
strong mode on 13, 38 per cent of the variates falling into that 
class, with the mean on 14. This strong mode on 13 suggests 
at once Ludwig's ('95, '96, '98) interesting results on Chrysan- 
themum leucanthemum L., etc. ; but, as nowhere else in the 
Asters studied has there been any apparent tendency of modes 
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Fig. 2. Fig. 3. 

Fig. i. — Aster slwrtii Hook. Bract curve of 226 heads. Classes doubled, Mean = 36.S00SS4 = 

.177121; mode= 3(1-37; 0-= 3.947688* .125243. 
Fig. 2. — Aster shortii Hook. Ray curve of 226 heads. Mean = 14 =t .06844S ; mode =13 

<7— 1.525592 rh .O484OO. 

Fig. 3. — Aster shortii Hook. Disk curve of 226 heads. Mean = 22.053097 ± .067SS5 ; mode =22 
<r= 1. 5 1 3025 ± .04S001. 
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to fall into the series 8, 13, 21, 34, etc., this condition in Aster 
shortii Hook, cannot be considered as having any special sig- 
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- Aster shortii Hook. Correlation surface for 226 heads. Rays subject and bracts relative, 
P= -549555 ± .025157. 
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Fig. 5. — Aster s/iortti Hook. Correlation surface for 226 heads. Rays subject 
and disk florets relative, p = .446645 ± .029S61. 

nificance in this connection. The coefficient of variability for 
the rays was found to be 10.897091, or a little greater than 
that of the bracts. 
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The curve of the disk florets (Fig. 3) in this species shows a 
remarkable lack of variation in parts which, owing to their 
indeterminate character, might be expected to be the most 
variable. The mode is on 22, the mean on 22.053097, and the 
coefficient of variability is only 6.860830. It should be noted 
that in all these curves there is negative skewness, 1 though it 
is slight in the bracts and disk florets. The variability con- 
stants for Aster shortii Hook, are shown in the following 
table. 



Table A. - 


- Constants of 


Aster shortii 


Hook. 




Bracts. 


Rays. 


Disk Flokkts. 


No 


226 


226 


226 


Mean . 










36.800884 


14 


22.053097 


Mode . 










3 6 ~37 


13 


22 


A. D. . 










3.02921 1 


H76991 


I.I I 5200 


a 










3.94768S 


1.525592 


1. 513025 


P. E. A. U 










± 2.662716 


± I. O29OI 2 


± I-02°535 


P. E. M. 










! ± .177121 


± .068448 


± .067885 


P. E. <r . 










! ± -125243 


± .O4S4OO 


± .O480OI 


C. V. . 










10.727157 


10.897091 


6.86083O 



In Fig. 4 is represented a " correlation surface " with rays 
subject and bracts relative. The coefficient of correlation was 
found to be .549555 (P. E. p = ± .025157). The correlation 
between rays and disk florets is shown in Fig. 5, in which the 
coefficient of correlation is .446645 (P. E. p = ± .029861). 

Aster uovce-anglice L. — In this species the range of varia- 
tion in all the parts was great, the least range, 30 to 60, 
occurring in the bracts. 

All the frequency polygons, Figs. 6, 7, and 8, show a multi- 
modal condition, but this may be due to too scanty material. 
Although no dependence can be put upon the multimodal 
condition of these curves, the " variability constants " will 
perhaps not differ widely from results which would be given 



1 The degree of skewness has not been computed for any of the polygons of 
distribution because the range of material was too small to make this index of 
anv value. 
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by counting larger quantities of the same material. These 
appear in the following table. 

Table B. — Constants of Aster nov/E-anc;li.k L. 1 



N 








A 


D 


a 




P. 


E. A. I) 


P. 


E. M 


P. 


E. <r 


C 


V 



RkACTS. 


Rays. 


199 


199 


44.030150 


42-S7437I 


33-37.43.47. 57 


37. 43- 47. 5 1 


4.111310 


5.048407 


5.212961 


6.3081 1 2 


± 3'5 l6l 42 


± 4-254822 


± .249252 


± .301616 


± .176248 


± .213267 


11.839527 


14.710682 



Disk Fi.okkts. 

199 

62.452261 

51, 60, 63, 70 

7.6880S8 

9.314270 

± 6.282475 

± -44535- 

± -3i49'2 
14.914224 



There is a high degree of correlation between rays and 
bracts (Fig. 9), which is the more apparent because of the 
close agreement in the number of rays and bracts ; 10.54 per 
cent of all the capitula had the number of rays and bracts 
equal. The coefficient of correlation between these was 
.802388 ± .012685. Between rays and disk florets the corre- 
lation (Fig. 10) was much lower, the coefficient being .594798 
± .024859. 

Aster puniccus L. — The polygons of distribution of the 
bracts (Fig. 11), rays (Fig. 12), and disk florets (Fig. 13) of 
Aster puniceus L. are all multimodal ; but it would not be fair to 
assume that this condition is a specific one, for, although the 
number of variates was 798, they represent only three individ- 
uals, and these individuals had an exceedingly wide range of 
variation and also differed widely in the values of their " con- 
stants." These facts will be best appreciated by a study of 
the table on the following page. 



1 The table of constants for Aster iwx'tc-aiiglice L. is presented because the multi- 
modal condition of the polygons of distribution of this species may be due to too 
limited material. If more material shows this same condition, then all the con- 
stants except the mean and mode must be dropped from this table. The same is 
also true for the constants for all of the species given in this paper. 
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Table C. — Constants of Aster puniceus L. 







Individual 


Individual 


Individual 


Summation, 






No. i. 


No. 2. 


No. 3. 


Nos. 1, 2, and 3. 






337 heads. 


246 heads. 


215 heads. 


79S heads. 




Mean . . . 


42.501483 


45-378048 


46.795348 


44-546365 




Modes . . 








35. 39. 49- 
46,48 




A. E>. . . . 


3-965747 


3- '40095 


2.377501 


3-57'5!0 


Bracts. , 


<y . 


4.760197 


3.959072 


3.035446 


4-497254 




P. E. A. D. 


± 3-210752 


± 2.670394 


± 2.04740S 


± 3-033397 




IP. E. M. . . 


± .174901 


± .17025S 


± .139632 


± .1073S1 




P. E. a . . 


± -123673 


± .120390 


± .098734 


± -075929 




C. V. . . . 


II.20OO72 
35.020771 


8.724641 
36.321 1 3 S 


6.4S6640 
39.660465 


10.095669 


' 


Mean . 


36.671679 




Modes . . 








27-35.37 




A. D. . . . 


3-°393 f 'S 


3.421607 


3- J 75 l6 4 


3.57718S 


Rays. 


a 


3.904214 


4.297721 


4.0186S5 


4.480251 


P. E. A. D. 


± 2.633392 


± 2.898S13 


± 2.710603 


± 3.021929 




P. E. M. . . 


± -14345° 


± .184821 


± .1S4S61 


± .106975 




P. E. <r . . 


± -101434 


± .130688 


± .130716 


± .075642 


- 


C. V. . . . 


11.14S2S2 


II.S3283S 

76.609756 


10.132723 


12.217198 


r 


Mean . 


6°-5 I 3353 


74.241860 


69.174185 




Modes . . 








57-58, 63-64, 

67-68,73-74, 

79-80 


Disk 


A. D. . . . 


5-805756 


S.06S609 


5-644478 


8.947764 


Florets. | 


tr 


7-33 s 405 


IO.083765 


7-" 533° 


1 1 . 1 1 6989 




P. E. A. D. 


± 4-949754 


± 6.801500 


± 4-799290 


± 7.498400 




P. E. M. . 


± .269630 


± -433°47 


+ -327308 


± -265440 




P. E. <r . . 


± .190657 


± .306628 


± -231442 


± .187694 


l 


C. V. . . . 


12.126919 


13.16250S 


9.5S39S7 


16.071008 



This work on Aster punk ens L. shows what a wide difference 
may exist, even in such constants as the means, standard devi- 
ations, and coefficients of variability, in individuals growing 
under apparently identical conditions. 

In Fig. 14 is shown the correlation surface for rays and 
bracts of all the heads counted. The coefficient of correlation 
was .705100 ± .009194, while that for rays and disk (Fig. 15) 
was .674928 ±.010045. 
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Aster prenantlwidcs Muhl. — The frequency polygons for all 
the heads counted in this species are shown in Figs. 16, 17, 
and 18. All are multimodal, but by doubling the classes in 
Fig. 17, which represents the variation in the rays, the curve 
becomes monomodal with negative skewness, the mode being 
on 26-27 an d the mean on 28.037993. 

Doubling the classes in Fig. 16 still leaves three modes in 
the frequency polygon of the bracts. These modes occur on 
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Fig. 6. — Aster novie-augllte L. Bract curve of log heads. Classes doubled. Mean= 44.0-50150 ± 
.249252; niodes= 33, 37, 43, 47. 57 : er = 5.212061 * .176248. 

40-41, 44-45, and 48-49. Fig. 18 shows the curve of the disk 
florets to have two nearly equal modes on 48-49 and 52-53. 

The correlation of rays and bracts in the 658 capitula 
counted (Fig. 19) is expressed by the coefficient .776834 
± .007820, and that of the rays and disk florets (Fig. 20) by 
.770316 ± .008042. 
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Table D. — Constants of Aster prenanthoides Muhl. 



No. . . . 

Mean 

Mode . . 

A. 1). . . 
cr . 

P. E. A. D. 

P. E. M. . 

P. E. a . . 

C. V. . . 



65S 
44.044072 

C 40-4 1 

-I 44-45 

I 48-49 

4.497002 

5.716510 

± 3-855786 

± ■i5°3 I 4 

± .1062SS 

1 2 .97 906S 



658 
-8-037993 

26-27 

3-373 22 7 
4.07007 r 

± 2 -745 26 3 

± .107021 

± .075675 

14.516272 



Disk Florets 



658 
50.297872 
f 4S-49 

I 5 2 -53 
4.8S4951 

6-310315 
± 4-25 6 3°8 
± .165SS9 

± -117301 
12.545890 



Result of the Successive Collections. — The remaining" figures 
represent the conditions found in four successive pickings 
made from a single group of individuals of Aster prenanthoides 
Muhl. 

1. Bracts. Figs. 21, 22, 23, and 24 show the frequency 
polygons of the bracts in the successive collections. In the 
first collection (Fig. 21) there was a single mode on 49-50, 
with the mean on 47.410256 and a strong positive skewness. 
In the second collection (Fig. 22) the curve broke up into 
three modes on 40-41, 44-45, and 48-51, while the mean fell 
to 44.342657. In the third collection (Fig. 23) the material 
exhibited two modes on 44-45 and 50-51, which correspond 
closely with the upper two modes of the second picking, the 
mean having fallen to 43.834532. At the last collection the 
curve, given in Fig. 24, showed a strong mode on 41-42, 
while the upper mode, which at this time occurred on 49—50, 
had become much less prominent, and a small mode had 
appeared on 33—34. The mean had continued to fall, and in 
this last collection was only 41.92045. 

The table on page 124 will facilitate a comparison of the 
bracts from the four collections. 
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Table E. — Constants of Bracts of Four Pickings of 
Aster prenanthoides Muhl. 



Mean 



Mode 



A 


n 






<r 








P. 


K. 


A. 


D. . . 


P. 


1''.. 


M 




P. 


E. 


<7 . 




r 


V 







117 CaI'ITIT.A, 

collected 

September 27. 



47.410256 

49-50 
4.350646 

5-5-4^37 

fc 3.72609S 

t -344540 
t .243626 

1 1. 65 1989 



143 CaE'ITUI.A, 

COLLECTED 
Slil'TEMBER t,o. 



139 Capitcjla, 
collected 
October 4. 



44-342657 


43- s 3453 2 


41.92045 


1-40-41 


j 44-45 


f 3j-34 


< 44-45 
I 48-51 


[ 50-51 


-<! 41-42 
1 49-50 


4-256345 


4.30S211 


3-S55552 


5-'5237° 


5-275976 


4.S89626 


- 3-47 5 2 73 


± 3558646 


± 3-298052 


- .290617 


± .301S40 


± .248600 


: .205497 


± -213433 


± -I75/S6 


II. 61 9444 


12.036119 


11.664053 



176 Capitula, 
collected 
October 8. 



2. Rays. The frequency polygon for rays from the first 
collection (Fig. 25) shows a strong mode on 32-35 and a lesser 
mode on 26-27. The mean of this collection was 30.769230. 
In the second collection (Fig. 26) the principal mode had 
fallen to 30-33, filling up the sinus and forming a monomodal 
curve. The mean had also fallen to 28.706293. In the third 
collection the rays again broke up into a multimodal condition, 
as shown in Fig. 27. The modes of this curve are on 24-25, 
28-29, an d 32—33, and the mean on 28.251798. In the fourth 
collection the rays again exhibited a strongly monomodal con- 
dition (Fig. 28), with the mode on 26-27, while the mean had 
fallen to 26.335227. 

3. Disk Florets. In Fig. 29 is shown the multimodal fre- 
quency polygon for the disk florets of the first collection, with 
modes on 56-57 and 60-61, and the mean on 56.427350. In 
the second collection (Fig. 30) modes occurred on 45-46 and 
51-52, and the mean had fallen to 51.713286. In Fig. 31 is 
represented the variation of the disk florets of the third collec- 
tion. The curve is monomodal and nearly normal, the mode 
occurring on 49-50 and the mean on 49.158273. The disk 
curve of the fourth collection (Fig. 32) is also strongly mono- 
modal and nearly normal, but the mode has fallen to 45-46 
and the mean to 45.778409. 
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Fit;. 9. — Aster novce-angUa: 13. Correlation surface for iyo heads 
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Fig. io. — Aster nova-anglhe L. Correlation surface for 199 heads. Rays subject and disk florets 
relative. p= .59479S =fa .024^59. 
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Fig. i 1. — Aster fimiiccus L. Bract curve of 708 heads. Mean = 44.546365 -± . 107381 
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Fig. 12. — Aster pu7iiceus L. Ray curve of 798 heads. Mean— 36.67 1^79 ± .075643 
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Fig. 15. — Aster Pu ulceus L. Correlation surface for 798 heads, Rays subject and disk 
florets relative. p= .67492S ± .010045. 
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Fig. i6. — Aster prenanthoides Muhl. Bract curve of 658 heads. Mean = 44.044072 
modes= 32, 34, 39, 41, 43, 49 ; cr= 5.716510 ± .106288. 



60 (S 

50314: 



No. 422.] QUANTITATIVE STUDY OF VARIATION 



M 














































































































































































































































55 
















































































































































































































































so 
















































































































































































































































W 
















































































































































































































































W 
















































































































































































































































35 














































































































































































































































30 
















































































































































































































































«J 
















































































































































































































































20 
















































































































































































































































IB 












































































































































































































































10 
















































































































































































































































S" 


















































































































































































































! 





1 


i 









:23 



WO 



IS 



Fig. 17. — Aster fir enanthoides Mulil. Rav curve of 658 heads. Mean = 28.037993 ± ,107021 ; 
modes = 27, 31, 33 ; <r = 4.070071 ± .075675. 
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Fig. 19. ■ 



- Aster p-re mint ho ides Mutil. Correlation surface for 658 heads. Kays subject and bracts 
relative, p — .776834 i .007820. 
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Fig. 20. — Aster fir enctnthoides Muhl. Correlation surface for 658 heads. Rays subject 
and disk florets relative. p= .770316 ± .008042. 
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Fig. 21. — Aster firenanthoides Muhl. Bmct curve of 117 heads collected September 27. Classes 

doubled. Mean= 47.410256 =t .344540 ; mode = 49-50; a = 5.524237 ± ,243626. 
Fig. 22. — Aster firenanthoides Muhl. Bract curve of 143 heads collected on September 30. Classes 

doubled. Mean = 44.342657 ± .290617 ; modes 40-41, 44-45, 43-51 ; <j = 5.152370 ± .205497. 
Fig. 23. — Aster firenanthoides Muhl. Bract curve of 139 heads collected on October 4- Classes 

doubled. Mean = 43-834532 ± 301.840: modes, 44-45, 50-51 ; <r = 5.275970 =*= .213433. 
Fig. 24. — Aster prenanthoides Muhl. Bract curve of 176 beads collected on October 8. Classes 

doubled. Mean = 41.92045 i .24S600: modes = 33-54, 41-42, 49-50; <r = 4.889626 ~ • 1757W 1 . 
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Fig. 26. Fig. 27. 

Fig. 25. — Aster ftrenauthoides Muhl. Ray curve of 117 heads collected on September 27. Classes 

doubled. Mean = 30.769230 ± .248547; mode = 26-27, 32-35 ; cr = 3.985839 ± .175749. 
Fig. 26. — Aster -preuanthoUies Muhl. Ray curve of 143 heads collected on September 30. Classes 

doubled. Mean = 28.706293 ± .201316 ; mocle = 30-33 ; <r = 3.56914 1 ± .142351. 
Fig. 27. — Aster fireuauthoides Muhl. Ray curve of 139 heads collected on October 4. Classes 

doubled. Mean = 2S. 251798 ± .200320; modes = 24-25, 28-29, 32-33 ; <r — 3.501476 ± .141641. 
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Fig. 30. 



Fig. 28. — Aster prc}ianthoidcs Mulll. Kay curve of 176 heads collected on Octobers. Classes 
doubled. Mean = 26.335227 ± .153066; mode= 26-27; ff= 3.010607 ± .108234. 

Fig. 29. — A ster Jirenantlwides Mulil. Disk curve of 1 17 heads collected on September 27. Classes 
doubled. Mean — 56.427356 ± .248547 ; modes= 56-57, 60-61 ; <x = 3.9S5S39 ± .175749. 

Fig. 30. — Aslcr pri'JiaiitJio'nles Muhl. Disk curve of 143 heads collected on September 30. Classes 
doubled. Mean = 51.713286 i .2S172S; modes — 45-46, 51-52 ; cr= 4.994779 =b .199211. 
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Fig. 31. — Aster pre ihDithoidcs Muhl. Disk curve of 13c) heads collected on October 4. Classes 
doubled. Mean= 49.15X273 ± .279452 ; inode= 4*r-5°; ® = 4-^84653 =*= .197602. 
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Fig. 32. — Aster prenanthoides Muhl. Disk curve of !■/(* heads collected on October S. Classes 
doubled. Mean ~ 45.77S469 ~ .2422S0 ; mode = 45-46 ; tr= 4. 7771*17 ± .171318. 
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Fig. 33. 



- Aster J>rena7i1lioidcs Muhl. Correlation surface for 117 heads collected on September : 
Rays subject and bracts relative. p= .S55944 =fc .012237. 
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Fig. 34. — Aster firenanthoides Muhl. Correlation surface for 143 heads collected on September 
Rays subject and bracts relative. p= .S33702 i .012701, 
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Fk;, 35. — Aster frenatithoides Muhl. Correlation surface for 139 heads collected on October 4. 
Rays subject and bracts relative, p— .798642 ± .015133. 
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Fig, 36. — Aster fir enanthoi.de s Muhl. Correlation surface for 176 heads collected on October 8. 
Rays subject and bracts relative. p= .803092 ± .013443. 
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Fig. 37. ■ 



-Aster prenanthoides Mulil. Correlation surface for 117 heads collected on September 
Rays subject and disk florets relative. p= .573693 ± .033347. 
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Fig. 38. 



- Aster prenaiithoides Muhl. Correlation surface for 143 heads collected on September 30 
Rays subject and disk florets relative, p = .338009 ± .042145. 
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Fig. 39. — Aster />reiiaiitlwides Muhl. Correlation surface for 139 heads collected on October 4. 
Rays subject and disk florets relative. p= .353102 ± .043050. 
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Fig. 40. — Aster firenaniho ides Muhl. Correlation surface for 176 heads collected on October S. 
Rays subject and disk florets relative, p = .545208 ± .012157. 



No. 422.] QUANTITATIVE STUDY OF VARIATION. 145 

Table F. — Constants of Rays of Four Pickings of 
Aster prenanthoides Muhi,. 



Mean 



Mode 



A 


1) 






(T 








P. 


I-:. 


A. 


1). . . 


P. 


K. 


M 




P. 


y 






c 


V 







117 Capitula, 
collected 

Slil'TE.M HEK 27. 

30.769230 

I 3- 35 

3-353057 

3-985839 

± 2.6S844S 

± --48547 

± -175749 

'2-953945 



143 Capitui.a, i^j Capitula, I 176 Capitula, 

collected collected \ collected 

September 30. | October 4. October 8. 



2S.706293 



± 2 
± 

:l. 



99I73 6 
569141 
407 3S6 
2OI316 

I4235I 
4333306 



28.251798 

r 24-25 
-J 2S-29 

^ 32-33 
3.01 26S0 

3-5 OI 476 

± 2.361745 

± .200320 

± .141641 

12.393S18 



26.335227 

26-27 

2.452608 

3.010607 

± 2.030654 

± -153066 

± .10S234 

1 1. 431865 



The variations of the disk in the four collections may be 
compared in the following table. 

Table G. — Constants of Disk Florets of Four Pickings of 
Aster prenanthoides Muhl. 





1 17 Capitula, 


14;; Capitula, 


139 Capitula, 


17O Capi-j-cla, 




COLLECTED 


COLLECTED 


COLLECTED 


COLLECTED 




September 27. 


September 30. 


October 4. 


October 8. 


Mean .... 


56.427350 


51-713286 


49- 1 58273 


45.77S409 


Mode .... 


/ 56-57 
v. 60-61 


J 45-46 


49-50 


45-46 


A. D 


3-353057 


3-925 T 79 


3.619481 


3-75058I 


(7 


3-985S39 


4-994779 


4.8S4653 


4-777I97 


P. E. A. I). . . 


± 2.688448 


± 3-36897S 


± 3.294698 


± 3 .2222 I9 


P. E. M. . . . 


± -248547 


± .281728 


± -279452 


± .242280 


P. E. a . . . . 


± -175749 


± .199211 


± .197602 


± - 1 7 1 3 ! 8 


C. V 


12-953947 


9.661 21 2 


9-936585 


10.435481 



4. Correlations. The correlation surfaces for rays and bracts, 
in the four collections, are shown in Figs. 33, 34, 35, and 
36, and for rays and disks in Figs. 37, 38, 39, and 40. The 
coefficients of correlation are arranged for comparison in the 
following table. 
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Taih.e H. — Correlation of Rays and Bracts and of Rays and 

Disk Florets in Four Pickings of Aster 

prenanthoides muhl. 









1 j 7 Cai-iiti-a, 

collected 
September 27. 

•855944 
± .012 237 

•573693 
± -033347 


143 I'AI'lTn.A, 

collected 
Seltemlek 30. 


139 Capitui.a, 
collected 
Ol'tobek 4. 

.798642 
± -015133 


i7'> Cai'Itula, 

COLLECTED 
OCTDIJEIi S. 


Rays and 
.Bracts 


P 
I'.E.p 


■833702 

± .01 2701 

.358909 
± -042145 


.803092 
± .013443 


Rays and 
Disk 


P 
P.E.p 


.353102 
± -043050 


.54520S 
± .012157 



Inspection of this table shows that the highest degree of 
correlation between the parts was found at the beginning of the 
flowering season, and that there was a constant fall for both 
bracts and disk florets until near the end of the season, when 
the coefficient of correlation again slightly increased. The 
increase in the coefficient of correlation between rays and 
bracts in the last collection was less than the "probable error" 
of the determination, but that between the rays and disk florets 
had increased until its value was only .0284 less than in the 
first collection. 



V. Discussion of Results. 

The species which have been chosen for this study are quite 
distinct, and although Aster puniccus L. and Aster prenantJioid.es 
Muhl. belong to the same division of the genus, Aster novce- 
auglice L. is more distant from these, and Aster shortii Hook, 
belongs to a division which is separated in a marked degree 
from the others. Considering this wide separation, it is rather 
remarkable that there should be so close an agreement in the 
number of bracts in the four species. The lower limit of 
range varies from 28 to 30, the upper limit from 49 to 64, and 
the means from 36.8 to 44.5. With the bracts so nearly con- 
stant, there is a range in the mean number of rays from 14 in 
A. sliortii Hook, to 42.8 in A. novce-angliee L., and yet the 
degree of correlation between rays and bracts is high in all 
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the species studied, the coefficient of correlation between them 
ranging from .549 + to .802 + . 

The fact that the correlation between bracts and rays was 
found to be greater in every case than that between rays and 
disk florets gave rise to the question, What is the relation 
existing between bracts and rays ? After a careful study of 
the position of the rays with reference to the bracts, it seems 
that the rays are axillary to the bracts, and that typically a 
nearly constant proportion of the bracts in the capitula of 
a species produce rays in their axils, the rest remaining empty. 
The material studied showed the mean number of empty 
bracts in each head to be as follows : A. shortii Hook. 22.8, 
A. prenantlioides Muhl. 16, A. puniceus L. 7.9, and A. uovce- 
anglice L. 1.2. 

The number of species here studied is too small to permit 
the derivation of laws covering so large a genus as Aster, but 
in these four species the degree of imbrication of the involucral 
bracts was apparently in direct proportion to the number of 
empty bracts. In A. shortii Hook., which has so many empty 
bracts, the scars left by their removal occupies the convex 
surface of an inverted cone, the base of which served as the 
receptacle for the comparatively small number of florets ; while 
in A. tiovcv-anglice L., where almost every bract has its ray, 
the scars formed a narrow ring about the broad receptacle. 
In the former there was considerable difference in form and 
size between the minute outer bracts and the inner ray-bearing 
bracts, while in the latter all the bracts were very much alike in 
size and form. In a number of capitula of A. novce-anglicc L. 
there were found more rays than bracts. Some of the more 
marked cases of this kind were examined and the rays distinctly 
seen to form a scattering second row within the full outer row 
which is typical of Aster ; in other words, some of the disk 
florets developed ligulate corollas. 

The suggestion of several writers that statistical methods 
will prove valuable in taxonomic work is not sustained by the 
results set forth in this paper. It is obviously impossible to 
describe a species by means of the variability constants in 
such manner as to allow the classification of individuals which 
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possess but single variates of the kind used in determining 
those constants. 

The above-stated results in A. puniceus L. make obvious the 
same truth in regard to species such as those of Composite, in 
which the individual may have a sufficient number of variates 
to give a good frequency polygon and constants with small 
" probable errors." The wide differences between the three indi- 
viduals of A. puniceus L. show that the variability " constants " 
for individuals are only in a measure less variable than the 
characters upon which they depend. 

The study of the successive collections shows another phase 
of the subject of variability which would materially affect the 
value of statistical methods in taxonomic questions relative to 
the Composite. In these successive collections there was a 
continuous decline in the numbers of bracts, rays, and disk 
florets, and a continuous change in the position of means and 
modes. These results could have been in no way dependent 
upon unnatural conditions induced by the clipping of the heads, 
since even the last to bloom were well-developed buds at the 
time the first collection was made ; and had there been a change 
brought about in this way, it must have been in the opposite 
direction, since it is a well-known fact that the removal of the 
earlier flowers gives increased vigor to later ones. 

This continuous change of means and modes during the 
blooming season is suggested as a possible explanation of 
Lucas's ('98) results upon Chrysanthemum leucantlicmum L., 
other than that of difference of locality. He found that there 
was a marked difference between the results obtained from 
material collected at Yarmouth and Grand Pic, Nova Scotia, 
and that collected later at Milton and Cambridge, Mass. The 
earlier material from Nova Scotia showed the mean on 24.389 
and the principal mode on 22, while the later collection from 
Massachusetts had the mean on 21.61 and the mode on 21. 

Ludwig ('00), in commenting on these results, attributes 
their deviation from his own observations to the scantiness of 
Lucas's material, while Lucas implies, though he does not say 
it definitely, that the difference is a local one. In the light of 
my observations on A. prenanthoides Muhl. it seems a fair 
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question whether the difference may not have been in part 
due to the difference in the time at which the collections 
were made. 1 

Although the material of A. prenantJioidcs Muhl., upon which 
this study of successive collections is based, is even less than 
that used by Lucas, the constancy of the fall in numbers of all 
the parts can leave little doubt as to the essential correctness 
of my results. As a few days makes a marked difference in 
the condition of these variable characters, different seasons 
may likewise be found to give different results upon material 
collected from the same individuals. 

As the capitula which terminate the axes in the Asters are 
the first to bloom, my observations on the decline in the 
number of parts in the heads of A. pruiantlurid.es Muhl. bear a 
close relation to those of Burkill ('95) on Caltha palustris L., 
Ranunculus arvcnsis L., R. bulbosus L., R. Ficaria, and T/ia- 
lictrum flavum, where he arrives at the conclusion that the 
" position of the flower on the axis affects the sexual organs, if 
they vary." 2 

Ludwig ('00) remarks concerning this, that "weil die Zahl 
der Carpelle, ebenso wie die der anderen Bltitentheile unci der 
Blutenzahlen in der Inflorescenz von der Stellung an der Axe 
abhangig ist, wird man Mischcurven erhalten, wenn man die 
Zahlungen auf sammtliche Organe der einzelnen Pflanze, nicht 
auf einzelne gleichwerthige Organe der verschiedenen Pflanzen 

1 Since this was written, W. L. Tower has investigated Chrysanthemum leu- 
cantheinum L. with reference to this point, and found that there is a continuous 
decrease in the values of mean and modes from the beginning to the end of the 
flowering season. His results will appear in Biometrika, vol. 1, no. 2. 

2 In his studies on the plants named, and others in which the number of sta- 
mens and carpels vary, he finds that "the earlier formed flowers on the plant 
carry more stamens or more carpels, or perhaps more of both organs, than those 
formed later in the season," and that "flowers holding any position of advantage 
on an inflorescence, i.e., terminal on a cyme, or at the base of a raceme, even if 
not maturing earliest, carry more stamens or carpels or more of both, than in the 
other flowers of the same inflorescence." 

Finally, he finds that in forms such as Stellaria media, and Ranunculus ficaria, 
which have a long flowering season, there is a noticeable decrease in the number 
of stamens and carpels during the flowering season, regardless of their location 
on the inflorescence, — a result which is closely paralleled by my work on Aster 
prenanthoides Muhl. 
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ausdehnt, unci zur Bestimmung der constanten Mischcurve der 
Art ist eine sehr grosse Anzahl von Zahlungen nothig." 

I agree with Ludwig that a large number of counts is 
necessary for the determination of the constants in material of 
this kind ; but how great must it be ? It is to be noted that., 
in his tables representing the variation in number of achenes 
in the heads of Ranunculus acris L., he gives the results of two 
sets of observations, each consisting of counts of 1000 heads. 
The maxima of the two multimodal curves formed, alternate 
with each other, and their summation gives but few maxima 
where they ought (?) to be, — the material is insufficient ; yet he 
makes virtue of the fact that the summation of Lucas's data, 
only 831 counts, presents maxima upon the series of Fibonacci. 

This series of Fibonacci, which is of recognized importance 
in the phyllotaxy of flowering plants, should be accepted with 
caution as the key to all variation among plants. The members 
of the series, along with Ludwig' s " Unterzahlen," which are 
made up from the numbers of the Fibonacci series by multipli- 
cation or addition, — e.g., 10 = (2 x 5), 29 = (8 + 21), etc., — 
include so large a proportion of all the smaller numbers that 
many modes must fall on or near one of them, even if there be 
no fundamental relation existing between this complex series 
and the number of floral parts or other organs under considera- 
tion. To account for modes which do not fall on any of these, 
Ludwig creates the " Scheingipfel," which is formed by the 
overlapping of curves having their modes on adjacent numbers 
of the Fibonacci-Ludwig complex. Thus, if the maximum 
falls upon 9, it is a "Scheingipfel" formed by the union of 
curves having maxima upon 8 and 10; if it fall upon 11, it is 
made up of curves having maxima upon 10 and 13, etc. It is 
evident that such a scheme will furnish an explanation of 
almost any condition which might arise. 

In conclusion, it needs to be said that there remains much 
to be done in determining the many causes of variation. The 
quantitative study of variation shows only the existing condi- 
tion of the material studied. It deals only with results, and if 
there has been no intentional selection of material, it indicates 
nothing as to the causes which have brought about those results. 
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While deprecating the selection of material on false bases, I 
take it that intelligent selection of material existing under 
known conditions is more certain to give valuable results than 
at-random selection, which, while sure to select, ignores the 
conditions under which the selection is made. 

Until we know the causes of variation and how great degree 
of variation may be produced by how slight causes, all general- 
izations based upon limited observations should be accepted 
with caution. Granting that observers have no preconceived 
notions as to what they ought to find, the conditions found by 
each investigator are true of the material upon which he worked, 
but how true his general conclusions are, further investigation 
alone can tell. 

If every valley and hillside is to have its own place-mode and 
every day and every season is to bring forth a changed condition 
in the variable characters of its living forms, only a universal 
collection of material covering a long period of years can give 
us true constants which may be verified by a repetition of the 
process. 

VI. Summary. 

Quantitative studies were made upon the bracts, rays, and 
disk florets of four species of Aster growing at Yellow Springs, 
Ohio. 

A close correlation was found between bracts and rays, and 
attributed to the fact that the rays are axillary to the bracts. 

The degree of imbrication of the bracts was observed to bear 
a relation to the number of empty bracts. 

Curves and " constants " were determined for the material 
of the four species studied. " Constants " determined for sev- 
eral individuals of A. puniceus L. growing in identical surround- 
ings indicated how great variations may exist in the variability 
" constants " of individuals. 

Studies upon successive collections from a single group of 
specimens of A. prenantlwid.es Muhl. showed that the number 
of bracts, rays, and disk florets all decrease continuously from 
the beginning to the end of the flowering season, and that the 
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character of the curves and the position of their means and 
modes likewise change continuously. 

I wish to express my thanks to Prof. W. L. Tower for his 
kindly interest and helpful suggestion during the prosecution 
of these studies, and also for the revision of the manuscript. 

Yellow Springs, Ohio. 
June 25, 1 90 1. 
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